This paper proposes the theory and design of circular higher-order microphone arrays for 3D sound field analysis using spherical harmonics. Through employing the spherical harmonic translation theorem, the local spatial sound fields recorded by each higher-order microphone placed in the circular arrays are combined to form the sound field information of a large global spherical region. The proposed design reduces the number of the required sampling points and the geometrical complexity of microphone arrays. We develop a two-step method to calculate sound field coefficients using the proposed array structure, i) analytically combine local sound field coefficients on each circular array and ii) solve for global sound field coefficients using data from the first step. Simulation and experimental results show that the proposed array is capable of acquiring the full 3D sound field information over a relatively large spherical region with decent accuracy and computational simplicity.
INTRODUCTION
Analyzing and controlling sounds over large regions of space has become an important problem in practice with a broad range of applications, such as security and surveillance systems, environment monitoring, active noise cancellation, and 3D audio rendering. Existing sound field recording techniques using zeroth order (omni-directional) microphones typically require a large set of spatial sampling points as well as complex 3D sampling schemes in order to cover a large spatial region [1] . Reducing the necessary spatial sampling points as well as simplifying the microphone array geometry can significantly reduce implementation difficulty of large microphone arrays. For this purpose, irregular and distributed microphone arrays have been investigated for sound acquisition and sound field measurement within a region [2] [3] [4] .
Spherical harmonic decomposition of sound fields, also known as mode domain representation of sound field, can be used to interpolate the value of the sound field over a continuous spatial region from the array output [5] . However, 3D sound field analysis using spherical harmonics requires the sensors to be placed uniformly in the three dimensional space; especially, spherical microphone arrays are preferred This work was supported under the Australian Research Councils Discovery Projects funding scheme (project no. DP140103412).
given analytical methods exist to calculate the sound field coefficients [1, [6] [7] [8] [9] . For high operating frequencies and large observation regions, a massive number of omnidirectional microphones are required to capture the sound field.
Recently, a method of spatial sound field recording using higher-order microphones has been proposed [10, 11] . It has been shown that with the use of multiple higher-order microphones arranged in a spherical array, less sampling points are required for sound field recording compare to omni-directional microphone arrays. However, this method involves the inversion of a very large matrix, which results in high computational effort and risk of ill-conditioning.
The purpose of this paper is to propose a more compact microphone array structure using higher-order microphones. Through following a systematic approach, a microphone array aperture consisting of one or more circular higher-order microphone arrays is proposed. The proposed array aperture only requires a small number of spatial sampling points on a circular geometry. We propose a two-step method for calculating spherical harmonic coefficients using the proposed array structure, with the first step combining the local sound field coefficients on each circular array, and the second step calculating the global coefficients through a series of matrix operations. We show that the proposed method only requires small-sized matrix inversions, thus improving the robustness and computational effectiveness of the system.
BACKGROUND THEORY

Sound field model
This paper uses spherical harmonic decomposition to describe and analyze the sound field within a spherical region of interest. It is assumed that this region is a free space with no sound sources inside. The sound waves propagating inside the region are due to sources outside the region. Defining a spherical coordinate system with its origin O located at the center of the sphere, the sound pressure P (R, ϑ, ϕ, k) at any point and frequency within the sphere can be represented as a weighted sum of spherical harmonics [12] ,
where k = 2πf /c is the wave number, f and c are the frequency and the wave propagation speed, respectively. C nm are the spherical harmonic coefficients, j n (kR) is the spherical Bessel function of order n, and Y nm (ϑ, ϕ) denotes the spherical harmonic of order n and degree m, written as [13] 
where E m (ϕ) = e imϕ / √ 2π is the normalized circular harmonic,
P nm denotes the normalized associated Legendre Polynomial of order n and degree m.
In this paper, the sound field with respect to O is considered the global sound field, and the corresponding coefficients C nm are the global sound field coefficients.
Local sound field
Defining a local origin O q whose position with respect to O is R q = (R q , ϑ q , ϕ q ), then the sound pressure at a point r = (r, θ, φ) with respect to O q can be expressed by
where B νμ (k) represent the sound field coefficients with respect to the local origin O q . The sound field with respect to O q is called the local sound field. For simplicity, the wave number k is omitted for the rest of the paper.
Spherical harmonic translation theorem
The relationship between the local sound field coefficients with respect to O q and the global coefficients with respect to O can be described by the Spherical harmonic translation theorem [13] . The relationship can be written as [10] 
Here, W 1 and W 2 denote Wigner 3-j symbols, with
In (5), B νμ are the local sound field coefficients in (4) and C nm are the global sound field coefficients in (1). It can be seen that by substituting (5) into (4), one can derive the sound pressure decomposition of a given point with respect to O q using the spherical harmonic coefficients with respect to O.
HIGHER-ORDER MICROPHONE ARRAY
Higher-order microphone
A higher-order microphone is capable of measuring the local sound field within its proximity, and extracting the sound field coefficients up to a certain spherical harmonics order. Thus if a higher-order microphone of order V is placed at a local origin O q , the sound pressure at a point close to O q can be expressed by a limited summation of spherical harmonics
A total of (V + 1) 2 spherical harmonics and their respective weighing coefficients are present in the summation.
Continuous circular higher-order microphone array
A concept of continuous circular microphone array has been proposed in [14] . In this paper, this concept is extended for the higher-order microphone case.
Consider a continuous distribution of V th order microphones are placed along a circle (R s , ϑ s ), then each higherorder microphone, at a particular azimuth angle ϕ, is able to detect its local sound field coefficients, denoted as B νμ (ϕ). The relationship between B νμ (ϕ) and C nm is given by the following theorem: Theorem 1. Given a set of local sound field coefficients B νμ (ϕ) which are measured along a circle, and an integer m , their relationship with the global sound field coefficients can be given by
where
Proof. Using (2), (6) can be rewritten with R s = (R s , ϑ s , ϕ),
where H mμ nν (R s , ϑ s ) is given by (11) . Substituting (12) into (5) yields
Multiplying both sides of (13) 
the integration 2π 0 (10) , which completes the proof.
By replacing B νμ (ϕ) with B νμ (ϕ q ), the discrete form of (10) can be written as
where Q is the number of sampling points evenly distributed on the circle. In (15), the variable m has been replaced by (μ − m) to illustrate the direct relationship between B νμ and C nm . Due to the spatial sampling, an upper bound for the range of (μ − m) that can be evaluated is given by
Solving for global coefficients
A method for calculating the global sound field coefficients C nm up to order N using the local coefficients B νμ (ϕ q ) can be formulated based on (15).
Step 1 of the method is to evaluate the summation on the left hand side of (15) . For each existing global sound field mode m, evaluate the summation for all combinations of B νμ (ϕ q ) and m that satisfy (16). Denote the summation as α m νμ , then
The second step is to solve a matrix inversion problem to find C nm . Using (15) and (17), the relationship between C nm and α m νμ can be represented in matrix form as 2 -by-(N + 1) 2 matrix inversion proposed in [10] , thus both the computational simplicity and the condition of the matrix inversion are significantly better compared to the method in [10] .
The complete set of global sound field coefficients is found by solving (18) 
Dimensionality analysis
Due to the nature of Spherical Bessel functions, only a number of j (kR s ) are active within a certain radius. A commonly used rule for deciding the active orders of j (kR s ) is given by [15] , i.e.
From (20) and the range of in (11), we can derive he maximum global spherical harmonic order detectable by a circular V th order microphone array
where N is the maximum global sound field order detectable and R s is the radius of the circular array. The minimum number of sampling points Q on a circle can be derived from eqs (16) and (20), using ≥ |μ − m|,
SIMULATION RESULTS
A series of simulations have been conducted to validate the performance of the proposed array structure. Two instances of the proposed array structure are used in the following simulations. Both array configurations are designed to capture sound fields up to 700 Hz within a sphere with 0.5m radius, with their dimensions determined based on eqs (21) and (22). Multiple circular arrays are employed in both cases to guarantee the quality of the matrix inversion in (19). One design consists of first order microphones arranged into four circular arrays, positioned at (R s , ϑ s ) = (0.4, 90 • ), (0.34, 72
• ), (0.28, 108
• ) and (0.22, 72
• ), the number of first order microphones on each array is 17, 15, 13 and 11, respectively. The second design utilizes only second order microphone arrays, with two circular arrays located at (R s , ϑ s ) = (0.4, 90
• ) and (0.2, 72
• ), with 17 and 9 second order microphones placed on each array. AWGN is added to the microphone input of all simulations with a SNR of 40 dB. A point source is placed at (R, ϑ, ϕ) = (1.6, 60
• , −60
• ) for all the simulation setups. Figure 1 shows the simulation result for the first order array configuration. In this simulation, the sound field generated by the point source is recorded by the array, and the resulting sound field coefficients are used to reconstruct the sound field. The sound field is plotted for two layers: the z = 0 plane and z = 0.2 m plane. Plots (a) and (c) show the original sound field at these two planes, and plots (b) and (d) show the reconstruction of the sound field coefficients obtained from the microphone array. The result shows that the microphone array is capable of accurately capture the sound field within its coverage (yellow circle). Figure 2 depicts the error performance for two different array configurations at a frequency range of 100 − 1000 Hz. For this figure, the error is calculated by averaging the amplitude error over the entire region of interest, and normalizing by the average sound pressure in the same region. Since both array configurations are designed to operate at up to 700 Hz, it can be seen from Fig. 2 that the reproduction error for both configurations are low for frequencies below 700 Hz, and the error increases rapidly once the frequency becomes higher than the design frequency.
The reproduction error is also evaluated at different planes using the same method, but with the region limited to horizontal planes within the spherical area. The results are shown in Fig. 3 . The recorded sound field is reconstructed on planes of different heights, ranging from z = 0 to z = 0.3 m. The simulation shows that the reproduction error is smaller around the equator compared to that near the poles of the sphere, which is due to the fact that the microphones are clustered around the equator plane.
EXPERIMENTAL RESULT
In order to further validate the proposed method, we conducted an experiment of recording a three-dimensional sound field using higher order microphone. We use a single Eigenmike as a 4th order microphone, which consists of 32 condenser microphone capsules placed on a rigid sphere of 4.2cm radius. The goal of the experiment is to test the robustness of the algorithm with the presence of noise and interference in a real-life system. The region of interest is set to be a sphere of 25cm diameter, a loudspeaker is placed at (R, θ, φ) = (1.5m, 90
• , 30
• ) with respect to the center of the region of interest. The Eigenmike is placed on the equatorial plane of the spherical region and is moved around a circle of 10cm radius. A total of 25 sampling points are evenly distributed along the circle. At each sampling point, the Eigenmike records a sweeping signal played by the loudspeaker, which is then converted to a set of 4th order spherical harmonic coefficients. The 25 sets of local coefficients are then combined using the proposed method to compute the 13th order global coefficients. A visualization of the reconstructed sound field at 3500 Hz within the region of interest is shown in Fig. 4 . We have identified the primary causes of error to be the sensitivity variation of the microphone capsules, and the reverberation inside the laboratory. Despite said interferences, the Eigenmike was able to record the sound field with acceptable accuracy.
We believe that the proposed spatial sampling method allows for easier implementation of sound field recording systems compared to spherical sampling methods, especially when combined with the recording technique used in this experiment, and for applications such as room response modelling over a large space.
CONCLUSION
This paper presents a circular higher-order microphone array structure and an associated analytical algorithm for sound field analysis based on spherical harmonics decomposition. Simulations and experiments show that the proposed array architecture offers decent accuracy and robustness, and has the potential of simplifying sound field recording systems in certain applications.
